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Abstract
We introduce a notion of topological property (T) for e´tale groupoids.
This simultaneously generalizes Kazhdan’s property (T) for groups
and geometric property (T) for coarse spaces. One main goal is to use
this property (T) to prove the existence of so-called Kazhdan projec-
tions in both maximal and reduced groupoid C˚-algebras, and explore
applications of this to exactness, K-exactness, and the Baum-Connes
conjecture. We also study various examples, and discuss the rela-
tionship with other notions of property (T) for groupoids and with
a-T-menability.
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1 Introduction
Property (T) is an important rigidity property of groups introduced by Kazh-
dan [12], and much studied for its applications and connections to several
parts of mathematics: see for example the monograph [5] for an overview
and historical comments. Property (T) has also been extended to measured
groupoids by Zimmer [26] (for equivalence relations) and Anantharaman-
Delaroche [2] (in a fairly general setting). Measured property (T) has very
interesting connections to von Neumann algebra theory via the construction
of groupoid von Neumann algebras, and in particular to the special case of
group actions via the group measure-space construction: see for example [15]
and the references given there.
For applications to groupoid C˚-algebras, one needs a topological version
of property (T) for groupoids, and this currently seems to be missing from
the literature. It is the goal of this paper to give one possible definition that
fills this gap, particularly motivated by possible applications that are im-
plicit in work of Higson, Lafforgue, and Skandalis [11]. Indeed, these authors
were able to show that certain projections in groupoid C˚-algebras have bad
properties from the point of view of exactness, and thus to produce coun-
terexamples to versions of the Baum-Connes conjecture. The projections
constructed by Higson, Lafforgue, and Skandalis have a lot in common with
the so-called Kazhdan projections in group C˚-algebras first constructed by
Akemann-Walter [1] using property (T). This analogy is particularly good
when one uses the approach to these projections exploiting spectral gap phe-
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nomena due to Valette [22, Theorem 3.2] and as extensively studied recently
by Drutu and Nowak [9].
From the above discussion, it seems natural to try to define a topological
version of property (T) that works for groupoids, and allows one to construct
such Kazhdan projections in associated groupoid C˚-algebras. Indeed, this
was implicitly done by the second author and Yu [25] in a special case:
these authors introduced a notion called geometric property (T) for coarse
spaces; moreover, geometric property (T) can be reinterpreted as a property
of the coarse groupoids introduced by Skandalis, Tu and Yu in [20]. Another
motivation of ours was to generalize geometric property (T) from coarse
groupoids to a more general class.
There is something a little mysterious about the Kazhdan projections
considered (at least implicitly) by Higson, Lafforgue, and Skandalis when
compared to the group case. In the group case, Kazhdan projections live in
the maximal group C˚-algebra C˚maxpGq, but (other than in the very special
situation where the underlying group is compact) must map to zero in the
reduced group C˚-algebra C˚r pGq. However, in the groupoid case, there can
be Kazhdan projections that are non-zero in both C˚maxpGq and C˚r pGq, or
even that are non-zero in C˚r pGq without existing in C˚maxpGq. These sort
of phenomena are crucial for the work of Higson, Lafforgue, and Skandalis:
the Baum-Connes conjecture is about the K-theory of C˚r pGq, so one needs
projections in the reduced C˚-algebra. An important motivation for us was
to clarify all this; although it would be a little unwieldy to give details in this
introduction, let us say that the existence of non-trivial Kazhdan projections
in C˚r pGq has to do with interactions between the parts of the base space
that emit finitely many arrows, and those parts that emit infinitely many.
Outline
Although studying Kazhdan projections is our main motivation, we expect
that topological property (T) for groupoids will have other interesting appli-
cations just as in the group case, and take the opportunity to develop some
basic theory. Thus having gone over some conventions in Section 2, we start
by giving an account of what we mean by property (T) for groupoids in Sec-
tion 3: much as in the group case, the basic idea is that invariant vectors in
representations must be isolated from the rest in some appropriate sense. In
the groupoid case, however, there are at least two reasonable definitions of
invariant vector, so there are some foundational issues about this to consider
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before one can even get started; this is all done in Section 3. We then dis-
cuss some natural classes of examples in Section 4, including connections to
coarse geometry, group actions, and property pτq. In Section 5 we discuss the
relationship of our notion to other definitions of property (T) for groupoids,
including the work of Zimmer and Anantharaman-Delaroche in the measured
setting that was mentioned above. In Section 6, we discuss the relationship
with a-T-menability for groupoids as defined by Tu [21, Section 3]; as one
might expect by analogy with the group case, property (T) is incompatible
with a-T-menability at least in some cases. In Section 7 we finally get back
to our main motivation and give a fairly thorough discussion of the existence
of Kazhdan projections in groupoid C˚-algebras and applications to exact-
ness, K-exactness, and the Baum-Connes conjecture. Finally, in Section 8,
we summarize some open questions.
This paper is fairly long, and we expect different parts might interest dif-
ferent audiences. We have thus aimed to write the paper in a fairly modular
way: after Section 3, it should be possible to read any of Sections 4, 5, 6 and
7 more-or-less independently of the others.
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2 Conventions
As there is some inconsistency about notational and terminological conven-
tions in the groupoid C˚-algebra literature1, we list ours here. For back-
ground on the class of groupoids we consider and the associated C˚-algebras,
we recommend [17, Section 2.3], [6, Section 5.6], and [19]; see these references
for precise definitions of the various objects we introduce below.
1And indeed, even between our own papers!
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Groupoids will be denoted G, with base space or unit space Gp0q, which
we identify with a subset of G. Typically, we write elements of G using
letters like g, h, k, and elements of Gp0q using letters like x, y, z. An ordered
pair pg, hq P G ˆ G is composable if spgq “ rphq, in which case we write gh
for their product. For x P Gp0q, the range fibre and source fibre are of x are
defined by
Gx :“ r´1pxq and Gx :“ s´1pxq
respectively. If A, B are two subsets of G, we define
GBA :“ tg P G | spgq P A and rpgq P Bu.
We define also
A´1 :“ tg´1 | g P Gu and AB :“ tgh | g P A, h P B and spgq “ rphqu
(note that AB could be empty even if A and B are not).
A groupoid will be always be assumed to be equipped with a locally
compact, Hausdorff topology and Gp0q with the subspace topology from G in
which it is compact. We will always assume that the inverse and composition
maps are continuous. A bisection is a subset B of G on which r and s restrict
to homeomorphisms. We will always assume that G is e´tale, meaning that
there is a basis for its topology consisting of open bisections; note that this
implies that r and s are continuous and open maps, that Gp0q is closed and
open in G, and that each Gx and G
x are discrete in the subspace topology.
We will sometimes need to use measures on G and Gp0q. A measure
on a locally compact Hausdorff space X will always mean a Radon mea-
sure, i.e. a positive element µ : CcpXq Ñ C of the continuous dual of the
topological vector space CcpXq of continuous compactly supported complex-
valued functions on X ; we will also think of measures as appropriate maps
µ : BpXq Ñ r0,8s from the collection of Borel subsets of X to r0,8s when
convenient. A measure is a probability measure if µpXq “ 1.
Given a measure µ on Gp0q, define measures r˚µ and s˚µ on G as func-
tionals on CcpGq via the formulas
pr˚µqpfq :“
ż
Gp0q
ÿ
gPGx
fpgqdµpxq and ps˚µqpfq :“
ż
Gp0q
ÿ
gPGx
fpgqdµpxq.
A measure µ on Gp0q is quasi-invariant if r˚µ and s˚µ have the same null sets,
in which case the associated modular function D : G Ñ p0,8q is defined to
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be the Radon-Nikodym derivative D :“ dpr˚µq{dps˚µq. A measure on Gp0q
is invariant if r˚µ “ s˚µ, or equivalently, if µprpBqq “ µpspBqq for any Borel
bisection B.
The convolution ˚-algebra of G identifies as a vector space with the space
CcpGq of continuous, compactly supported, complex-valued functions on G.
The multiplication and adjoint operations on CcpGq are defined by
pf1f2qpgq :“
ÿ
hk“g
f1phqf2pkq and f˚pgq :“ fpg´1q
respectively. The maximal and reduced C˚-algebraic completions of CcpGq
will be denoted by C˚maxpGq and C˚r pGq respectively. In addition to the
reduced and maximal C˚-norms on CcpGq, we will need the I-norm defined
for f P CcpGq by
}f}I :“ max
!
sup
xPGp0q
ÿ
gPGx
|fpgq|, sup
xPGp0q
ÿ
gPGx
|fpgq|
)
.
A representation of CcpGq is by definition a ˚-homomorphism
π : CcpGq Ñ BpHq
from CcpGq to the C˚-algebra of bounded operators on some Hilbert space
H ; our Hilbert spaces are always complex, and inner products are linear in
the second variable. Typically we write pH, πq for a representation. Often,
we will leave the map π implicit in the notation unless this seems likely to
cause confusion, writing for example ‘fξ’ rather than ‘πpfqξ’ for f P CcpGq
and ξ P H . Note that any representation of CcpGq automatically extends
uniquely to a representation of C˚maxpGq2, i.e. to a ˚-homomorphism
π : C˚maxpGq Ñ BpHq,
and any such representation restricts to a unique representation of CcpGq; as
such, we will sometimes identify representations of CcpGq with representa-
tions of C˚maxpGq.
As this is certainly not universal, we finish this section by emphasizing
the following convention.
2In the literature this is often stated as a consequence of Renault’s disintegration theo-
rem, and thus something that is only known to hold in the second countable case; however,
for e´tale groupoids it is always true, and not difficult to prove directly. See for example
[19, Theorem 3.2.2].
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Convention 2.1. Throughout this paper, all groupoids are assumed to be
locally compact, Hausdorff, e´tale, and to have compact unit space (other
than in a few side remarks). We will generally not repeat these assumptions;
thus in this paper groupoid means locally compact, Hausdorff, e´tale
groupoid with compact unit space.
Much of what we do could be carried out in more generality; we make a
few comments below about possible generalisations where we feel this might
be useful. However, we thought it would be better to keep to a relatively
simple setting so as not to lose the main ideas in excessive technicalities, and
also as our assumptions cover the examples that we are most interested in.
3 Constant vectors and property (T)
In this section, we introduce our notion of property (T) for groupoids (as
usual, locally compact, Hausdorff, e´tale, and with compact unit space). Just
like property (T) for groups, the idea is that the ‘constant vectors’ in any
representation of CcpGq should be isolated in some sense.
However, unlike for groups it is not completely clear what a constant
vector in a representation of CcpGq should mean (there are at least two
genuinely different reasonable definitions). The definition below is well-suited
to our applications.
Definition 3.1. Let G be a groupoid. Define a linear map by
Ψ : CcpGq Ñ CpGp0qq, f ÞÑ
ÿ
gPGx
fpgq;
to check that the image is contained in CpGp0qq, it suffices by the e´tale as-
sumption to check this for f supported in an open bisection, in which case
it is clear. For a representation pH, πq of CcpGq, a vector ξ P H is invariant,
or fixed, or constant if for all f P CcpGq,
fξ “ Ψpfqξ.
We write Hπ for the closed subspace of H consisting of constant vectors, and
Hπ for its orthogonal complement.
In order to fix intuition, let us look at some examples.
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Example 3.2. Let G “ Γ be a discrete group, so CcpGq “ CrΓs is the usual
complex group ˚-algebra, with elements given by formal sums řgPΓ agg with
finitely many non-zero complex coefficients ag P C. Representations of CcpGq
are canonically in one-to-one correspondence with unitary representations of
Γ. Moreover, CcpGp0qq “ C, and Ψp
ř
agugq “
ř
ag. From this, one sees that
in any representation pH, πq of CcpGq, a vector ξ is fixed if and only if it is
fixed by the corresponding unitary representation u of Γ, i.e. if and only if
ugξ “ ξ for all g P Γ.
Example 3.3. Let G be a groupoid, and let µ be an invariant probability
measure on Gp0q. Let Hµ be the Hilbert space L
2pGp0q, µq, and define a
representation τµ of CcpGq on H by the formula
pτµpfqξqpxq :“
ÿ
gPGx
fpgqξpspgqq.
The pair pHµ, τµq is called the trivial representation associated to µ. Then
any function ξ : Gp0q Ñ C that is constant in the usual sense is invariant
for τµ. More generally, ξ P Hµ is invariant if and only if for µ-almost-every
x P Gp0q and every g P Gx, ξpxq “ ξpspgqq (roughly, ‘ξ is constant on almost
every orbit’).
Note that the above example shows that Hπ and Hπ will not be invariant
under π in general, and therefore (unlike the group case), the constant vectors
do not define a subrepresentation of pH, πq in general.
The above example of constant vectors is in some sense general. The next
proposition formalises this; we include it mainly for intuition, and will not
really use it in the rest of the paper.
Proposition 3.4. Let G be a groupoid, pH, πq be a representation of CcpGq,
and ξ P Hπ be a constant vector. Then the measure µξ on Gp0q defined by
µξ : CpGp0qq Ñ C, f ÞÑ xξ, fξy
is invariant.
Moreover, the cyclic subrepresentation of pH, πq generated by ξ is unitarily
equivalent to the trivial representation pHµξ , τµξq of Example 3.3 via a unitary
isomorphism that takes ξ to the constant function with value one.
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Proof. Recall that a measure µ on Gp0q is invariant if and only if r˚µ “ s˚µ,
i.e. if and only if ż
Gp0q
ÿ
gPGx
fpgqdµpxq “
ż
Gp0q
ÿ
gPGx
fpgqdµpxq
for all f P CcpGq. In the case µ “ µξ, note that the left hand side equals
xξ,Ψpfqξy by definition of µξ, and the right hand side equals xΨpf˚qξ, ξy.
Hence to show invariance of µξ, we must show that
xξ,Ψpfqξy “ xΨpf˚qξ, ξy
for all f P CcpGq. However, invariance of ξ gives
xξ,Ψpfqξy “ xξ, fξy “ xf˚ξ, ξy “ xΨpf˚qξ, ξy
as required.
For the unitary equivalence statement, we compute that for any f P
CcpGq,
xξ, fξyH “ xξ,ΨpfqξyH “
ż
Gp0q
ÿ
gPGx
fpgqdµξpxq “ x1, τµξpfq1yHµξ .
Hence the unitary equivalence statement follows from the uniqueness of ˚-
representations of an involutive algebra with specified cyclic vector (see for
example [7, Proposition 2.4.1]).
The following corollary is immediate. It shows in particular that for
many groupoids, CcpGq does not admit any representations with non-zero
constant vectors. This is in sharp contrast to the group case where such
representations always exist.
Corollary 3.5. A groupoid G admits a representation with non-zero constant
vectors if and only if Gp0q admits an invariant probability measure.
We are now ready to give our definition of property (T).
Definition 3.6. Let G be a groupoid. A subset K of G is a Kazhdan set if
there exists c ą 0 such that for any representation pH, πq of CcpGq and any
ξ P Hπ, there exists f P CcpGq with support in K and }f}I ď 1 such that
}fξ ´Ψpfqξ} ě c}ξ}.
The groupoid G has topological property (T) if it admits a compact Kazh-
dan set.
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We will generally just say ‘property (T)’, omitting the word ‘topological’
unless we need to make a distinction with the measure-theoretic case. If K is
a Kazhdan set for G and c ą 0 satisfies the condition in Definition 3.6, then
pK, cq will be called a Kazhdan pair, and c will be called a Kazhdan constant.
We will give examples in the next section.
We will also be interested in the following family family of weaker variants
of property (T).
Definition 3.7. Let G be a groupoid, and let F be a class of representations
of CcpGq. A subset K of G is a Kazhdan set for F if there exists c ą 0 such
that for any representation pH, πq of CcpGq in the collection F , and any
ξ P Hπ, there exists f P CcpGq with support in K and }f}I ď 1 such that
}fξ ´Ψpfqξ} ě c}ξ}.
The groupoid G has (topological) property (T) with respect to F if it
admits a compact Kazhdan set.
We will again talk about Kazhdan pairs and constants with respect to F
in the obvious ways.
Note that property (T) as in Definition 3.6 is the same as property (T)
for the family of all representations of CcpGq. In general, the larger F is, the
stronger a condition having property (T) with respect to F is, so property
(T) itself is the strongest variant.
We will be particularly interested in the following example of a family of
representations.
Example 3.8. For x P Gp0q, the regular representation of CcpGq associated
to x is the pair pℓ2pGxq, πxq, where
pπxpfqξqpgq :“
ÿ
hPGx
fpgh´1qξphq
for f P CcpGq and ξ P ℓ2pGxq (compare [17, Section 2.3.4]). We denote
the family of all such representations by Fr. This family is particularly
interesting as the reduced C˚-algebra C˚r pGq is (by definition) the completion
of CcpGq for the norm
}f}r :“ sup
xPGp0q
}πxpfq}Bpℓ2pGxq.
Let us conclude this section with a remark on possible generalisations.
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Remark 3.9. There are several natural generalizations of the definition of
property (T) above. We sketch some of these out here; we would be very
happy if someone else explores these in future work.
One could consider more general locally compact groupoids with Haar
system (and compact unit space). Having replaced the sum by an integral
with respect to Haar measure in the definition of Ψ : CcpGq Ñ CpGp0qq
(Definition 3.1), everything else makes sense in this level of generality. It
would also be natural to expand the definition to cover non-compact base
spaces. For this it seems most reasonable to proceed as follows: say that
a subset E of a groupoid G is fibrewise compact if for any compact subset
K of Gp0q, E X GKK is compact. Then define property (T) for a groupoid
with possibly non-compact base space to mean that there exists a fibrewise
compact Kazhdan set.
Another natural generalization would be to look at broader classes of
representations of CcpGq: for example, Hilbert space representations that
are not ˚-representations, or representations on suitable classes of Banach
spaces. Indeed, there has been a great deal of relatively recent interesting
work in the group case in these settings: for example [3, 13, 9].
As for the analogues in the group case, we expect these generalizations
would be interesting. We did not pursue either seriously mainly just to keep
the current paper down to a relatively reasonable length, and minimize our
discussion of technical issues.
4 Examples
In this section, we discuss some basic examples of groupoids with property
(T). We remind the reader that our groupoids are always locally compact,
Hausdorff, e´tale, and have compact base space. We will not repeat these
assumptions in the body of the section.
4.1 Trivial and compact groupoids
The most basic class of groupoids with property (T) are the trivial groupoids,
i.e. those for which G “ Gp0q. Indeed, in this case for any representation
pH, πq of CcpGq, Hπ “ H , so the definition is vacuous.
The second most basic class probably consists of compact groupoids as
in the next result.
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Proposition 4.1. Any compact groupoid has property (T).
Proof. We claim that G itself is a Kazhdan set, with associated Kazhdan
constant one. Indeed, let χ : GÑ C be the constant function with value one
everywhere, and let p “ χ{Ψpχq. Then one checks directly that p2 “ p “ p˚,
that Ψppq is the constant function with value one on Gp0q, and that the image
of p in any representation of CcpGq is exactly the orthogonal projection onto
the constant vectors. Hence for any representation pH, πq, and any ξ P Hπ
we have that
}pξ ´Ψppqξ} “ }0´ ξ} ě }ξ},
which gives the desired conclusion.
4.2 Groups
In this subsection we show that our version of property (T) reduces to the
usual one for discrete groups (i.e. groups that are e´tale when considered as
groupoids).
The following definition is taken from [5, Definition 1.1.3]. For a Hilbert
space H , let UpHq denote the unitary group of H .
Definition 4.2. Let G be a discrete group, and let
u : GÑ UpHq
be a unitary representation of G. A vector ξ P H is constant if ugξ “ ξ for
all g P G.
A subset S of G is a Kazhdan set if there exists c ą 0 such that if pH, uq
is a unitary representation of G such that
}ugξ ´ ξ} ă c}ξ}
for all g P S, then there exists a non-zero invariant vector in H .
The group G has property (T) if it admits a finite Kazhdan set.
We now have two definitions of ‘Kazhdan set’ for groups: Definition 4.2
and the specialisation of Definition 3.7. Temporarily, if G is a discrete group
let us say a group Kazhdan set a Kazhdan set in the sense of Definition 3.7
and a groupoid Kazhdan set a Kazhdan set in the sense of Definition 3.7, and
similarly for the notions of invariant vector.
12
Proposition 4.3. Let G be a discrete group. Then a finite subset of G is a
group Kazhdan set if and only if it is a groupoid Kazhdan set.
Proof. Assume first that K is a groupoid Kazhdan set with associated Kazh-
dan constant c ą 0. Let u : GÑ UpHq be a unitary representation of G and
ξ P H be such that }ugξ ´ ξ} ă c}ξ} for all g P K. Denote by π the usual
extension of u to CcpGq “ CrGs defined by
π :
ÿ
gPG
agg ÞÑ
ÿ
gPG
agug.
Letting f “ ř fpgqg P CcpGq be supported in K with }f}I ď 1, we see that
with ξ as above,
}πpfqξ ´ ξ} ď
ÿ
gPG
|fpgq|}ugξ ´ ξ} ă c}f}I sup
gPK
}ugξ ´ ξ} ď c}ξ}.
As pK, cq is a groupoid Kazhdan pair, this forces H ‰ Hπ, and so Hπ ‰ t0u,
and K is a group Kazhdan set.
Conversely, say S is a group Kazhdan set with associated Kazhdan con-
stant c ą 0. Let π : CcpGq Ñ BpHq be a representation of CcpGq, and let u
be the associated unitary representation of G defined by ug “ πpχtguq, where
χtgu is the characteristic function of the singleton tgu. Let ξ be a vector in
Hπ, and note that as u leaves H
π invariant it restricts to a representation on
Hπ. As Hπ has no invariant vectors and as S is a group Kazhdan set, there
exists g P S with }ugξ ´ ξ} ě c}ξ}. Then the function f “ χtgu is supported
in S, satisfies }f}I ď 1, and also that
}fξ ´Ψpfqξ} ě c}ξ}.
Hence S is also a groupoid Kazhdan set.
Corollary 4.4. A discrete group has property (T) in the sense of Definition
3.6 if and only if it has it in the sense of Definition 4.2.
4.3 Coarse spaces
Yu and the second author introduced a notion called geometric property (T)
in [25] for monogenic, bounded geometry coarse spaces. On the other hand,
Skandalis, Tu, and Yu [20] introduced a coarse groupoid GpXq associated
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to any bounded geometry coarse space X . Our goal in this subsection is to
explain why geometric property (T) for X is equivalent to property (T) for
GpXq. This example is one of the main motivations behind our definition of
property (T) for groupoids.
Let X be a coarse space as in [18, Definition 2.3]. Precisely, this means
that X is equipped with a collection E of subsets of X ˆX called controlled
sets which contains the diagonal, and is closed under the formation of subsets,
finite unions, and products, where the product of two subsets E and F of
X ˆX is defined to be
E˝F :“ tpx, zq P XˆX | there exists y P X with px, yq P E and py, zq P F u.
Such a collection E is called a coarse structure on X . A coarse structure has
bounded geometry if the suprema of cardinalities of ‘slices’
sup
xPX
|ty P X | px, yq P Eu| and sup
yPX
|tx P X | px, yq P Eu|
are both finite for all x P X . A controlled set E generates the coarse structure
if E is the smallest coarse structure containing E, and a coarse structure E
is monogenic if a generator exists.
The uniform Roe ˚-algebra of a bounded geometry, monogenic coarse
space X , denoted CurXs, consists of all X-by-X matrices a “ paxyqx,yPX with
uniformly bounded entries, and such that the set tpx, yq P X ˆX | axy ‰ 0u
is controlled. The uniform Roe ˚-algebra is then a ˚-algebra when equipped
with the usual matrix operations. Following [25, Section 3], define a linear
map
Φ : CurXs Ñ ℓ8pXq, Φpaqpxq :“
ÿ
yPX
axy.
A representation of CurXs is by definition a ˚-representation as bounded
operators on some Hilbert space. If pH, πq is such a representation, then a
vector ξ P H is called constant if aξ “ Φpaqξ for all a P CurXs. We will
denote the constant vectors in H by Hc.
The following definition comes from [25, Proposition 3.8].
Definition 4.5. Let X be a bounded geometry, monogenic coarse space.
Then X has geometric property (T) if for every generating controlled set E
there exists c ą 0 such that for every representation pH, πq of CurXs and
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every vector ξ P HKc there exists a P CurXs with tpx, yq P X ˆX | axy ‰ 0u
contained in E, and such that
}aξ ´ Φpaqξ} ě c sup
x,y
|axy|}ξ}.
We now recall the definition of the coarse groupoid GpXq from [20]; see
also the expositions in [18, Chapter 10] and [23, Appendix C]. Let βX be the
Stone-Cˇech compactification of X . For each controlled set E, let E be the
closure of E inside βX ˆ βX for the natural inclusion X ˆX Ď βX ˆ βX ,
which one can check is a compact open set. Define
GpXq :“
ď
EPE
E
equipped with the weak topology it inherits from the union of open subsets
E (not the topology it inherits as a subspace of βXˆβX), and the groupoid
operations it inherits as a subset of the pair groupoid βXˆβX . It is shown in
[18, Theorem 10.20] that GpXq thus defined is a (locally compact, Hausdorff,
e´tale) groupoid, with base space βX .
Proposition 4.6. For a monogenic bounded geometry coarse space X, geo-
metric property (T) for X and property (T) for GpXq are equivalent.
Proof. For f P CcpGpXqq, note that f restricts to a function on X ˆ X .
Define an element af P CurXs by the formula afxy :“ fpx, yq. It is proved in
[18, Proposition 10.28] that the map
CcpGpXqq Ñ CurXs, f ÞÑ af
is a ˚-isomorphism. It is moreover not difficult to see that this map takes
CpβXq to l8pXq, and that it ‘intertwines’ Ψ and Φ in the sense that
Φpaf q “ aΨpfq.
It follows from this that representations of pH, πq of CurXs and of CcpGpXqq
are in one-to-one correspondence, and that the two notions of constant vec-
tors that we have defined using Φ and Ψ correspond. The remainder of the
proof is essentially a translation exercise: the key facts one has to know are
that any compact subset K of GpXq is contained in the closure E of some
controlled set (which is itself compact and open), and that for any controlled
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set E there is a constant M ą 0 (coming from bounded geometry) such that
for any f P CcpGpXqq with support in E, we have
1
M
}f}I ď sup
x,y
|afxy| ď }f}I .
We leave the remaining details to the reader.
Note that the isomorphism CcpGpXqq – CurXs from the proof above
gives rise to a natural representation of CcpGpXqq on ℓ2pXq by matrix multi-
plication of the corresponding element of CurXs. Let Fℓ2pXq be the family of
representations of CcpGpXqq consisting of this single representation. Then we
get an interesting example of property (T) with respect to Fℓ2pXq coming from
expanders as in the following definition (see the book [14] for background on
expanders).
Definition 4.7. Let X “ pXnq8n“1 be a sequence of finite connected (undi-
rected, simple) graphs. We will abuse notation, and also write X for the
disjoint union X “ Ů8n“1Xn. Assume that there is an absolute bound on the
degree of all vertices in X , and that the cardinality of Xn tends to infinity as
n tends to infinity. Let E be the coarse structure on X generated be the edge
set (considered as a subset of X ˆX). Then the coarse space X is bounded
geometry (due to the bound on vertex degrees) and monogenic.
For each n, let now ∆n be the graph Laplacian on ℓ
2pXnq defined by
∆n : δx ÞÑ
ÿ
ty,xu an edge
δx ´ δy.
It follows from the formula
xξ,∆nξy “
ÿ
tx,yu an edge
|ξpxq ´ ξpyq|2
that ∆n is a positive operator with kernel consisting exactly of the constant
functions in ℓ2pXnq (this uses that Xn is connected). The sequence X is an
expander if there exists a constant c ą 0 such that for all n the spectrum of
∆n is contained in t0u Y rc,8q.
Proposition 4.8. Let X be an expander. Then the associated coarse groupoid
GpXq has property (T) with respect to the singleton family Fℓ2pXq consisting
of the natural representation on ℓ2pXq.
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Proof. It is not difficult to check that a vector ξ in ℓ2pXq is constant for
this representation of CcpGpXqq if and only if it is constant as a function
Xn Ñ C for each n. Let ∆ denote the operator on ℓ2pXq that acts by ∆n on
each subspace ℓ2pXnq. If ξ P ℓ2pXq is in the orthogonal complement of the
constant vectors, we must have that
xξ,∆ξy ě c}ξ}2
by the above comments on the spectrum and kernel of each ∆n. On the other
hand, a little combinatorics (cf. [25, Section 5]) shows that one can write
∆ “
nÿ
i“1
pviv˚i ´ viq˚pviv˚i ´ viq
for some collection of partial isometries, each of which is represented by a
t0, 1u-valued function in CcpGpXqq supported on a bisection. We thus have
that
nÿ
i“1
}pviv˚i ´ viqξ}2 ě c}ξ}2.
As each vi is supported on a bisection, we have moreover that viv
˚
i “ Ψpviq.
We must therefore have that for some i
}pviv˚i ´ viqξ} ě
?
c
n
}ξ},
which gives the desired result.
4.4 HLS groupoids and property τ
Our aim in this subsection is to discuss so-called HLS groupoids, and a
connection to property pτq. HLS groupoids are constructed from a discrete
group and a collection of finite quotients; they were introduced by Higson,
Lafforgue, and Skandalis in [11, Section 2] as part of their work on coun-
terexamples to the Baum-Connes conjecture. Property pτq is a version of
property (T) for groups that only sees information from representations that
factor through finite quotients; see the book [14] for background.
The key ingredients for the construction of HLS groupoids are a discrete
group, and an approximating sequence K of subgroups: this means K is a
nested sequence
K1 ě K2 ě ¨ ¨ ¨
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of finite index normal subgroups of Γ such that the intersection
Ş
Kn is the
trivial group. Given such a group and approximating sequence, let Γn :“
Γ{Kn be the corresponding quotient group for each n, and qn : Γ Ñ Γn the
quotient map. Define also Γ8 “ Γ, and q8 : ΓÑ Γ8 to be the identity map.
Definition 4.9. Let Γ be a discrete group with a fixed approximating se-
quence K as above. Let N “ N Y t8u be the one-point compactification of
the natural numbers, equipped with the usual topology and order structure.
The associated HLS groupoid has as underlying set
GK :“
ğ
nPN
tnu ˆ Γn.
It is equipped with the topology generated by the following sets: tpn, gqu for
n P N and g P Γn; and tpn, qnpgqq P GK | n P N, n ě Nu as N ranges over N,
and g over Γ. The base space is
Gp0q :“ tpn, gq P GK | g is the identity e of Γnu,
and the range and source maps are given by rpn, gq “ spn, gq “ pn, eq.
Composition and inverses are defined using the group operations in each
fibre tnu ˆ Γn.
For an HLS groupoid GK built as above, we call Γ the parent group.
In [24, Lemma 2.4], it was proved that GK is (topologically) amenable
if and only if the parent group Γ is amenable; thus amenability of GK only
sees the parent group and not the approximating sequence. In this section,
we will show a similar result for property (T): GK has property (T) if and
only if the parent group Γ does. More subtly, we will also give a result that
takes the approximating sequence into account: GK has property (T) with
respect to the family of representations that extend to C˚r pGKq if and only if
Γ has property pτq with respect to the approximating sequence K (we recall
the definition of property pτq below).
For both results, we need a lemma relating CcpGKq to the group algebra
CrΓs.
Lemma 4.10. Let GK be an HLS groupoid associated to the discrete group
Γ and approximating sequence K. Then restriction to the fibre at infinity
defines a surjective ˚-homomorphism σ : CcpGKq Ñ CrΓs. On the other
hand, for each g P Γ, set χg to be the characteristic function of the set
tpn, qnpgqq P GK | n P Nu.
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Then the map
ΓÑ CcpGKq, g ÞÑ χg
extends to an injective ˚-homomorphism ι : CrΓs Ñ CcpGKq.
Proof. The proof consists of direct checks that we leave to the reader. Note
that injectivity of ι follows as ι is split by σ.
We now get to the first of our main results.
Proposition 4.11. Let GK be an HLS groupoid with parent group Γ. Then
GK has property (T) if and only if Γ has property (T).
Proof. Assume first that Γ has property (T), so there is a finite Kazhdan set
S with associated constant c ą 0. Let π be a representation of CcpGKq on
some Hilbert space H , and consider the representation π ˝ ι of CrΓs. It is
straightforward to check that the invariant vectors for π are the same as those
for π˝ι. From this, one sees that the setK :“ tpn, qnpgqq P GK | n P N, g P Su
is a groupoid Kazhdan set: indeed, the function f with support contained in
K required by the definition can always be taken to be one of the functions
χg for some g P S. We leave the remaining details to the reader.
Conversely, say GK has property (T), with associated Kazhdan set K.
Let S “ tg P Γ | p8, gq P Ku. We claim that this S is a group Kazhdan
set for Γ. Indeed, if u is a unitary representation of Γ, denote also by u
the corresponding ˚-representation of CrΓs. With σ as in Lemma 4.10, the
composition u˝σ is then a representation of CcpGKq. It is straightforward to
check that groupoid invariant vectors for u ˝ σ8 are the same thing as group
invariant vectors for u, and from here that K being a groupoid Kazhdan
set implies that S is a group Kazhdan set; we again leave the details to the
reader.
We now turn to property pτq. We give a definition that is a little more
general than necessary as it will be useful later.
Definition 4.12. Let U be a collection of unitary representations of a dis-
crete group Γ. A subset S of Γ is a Kazhdan set for U if there exists c ą 0
such that if pH, uq is a unitary representation of Γ contained in U and such
that
}ugξ ´ ξ} ă c}ξ}
for all g P S, then there exists a non-zero invariant vector in H .
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The group Γ has property (T) with respect to the collection U if it admits
a finite Kazhdan set.
Example 4.13. A group Γ has property (T) in the usual sense of Definition
4.2 if and only if it has property (T) with respect to the family of all rep-
resentations. In particular, if Γ has property (T), then it has property (T)
with respect to any collection of representations.
Definition 4.14. Let Γ be a discrete group, and K an approximating se-
quence. Let UK be the collection of unitary representations of Γ that factor
through one of the finite quotients Γn for some n P N. Then Γ has property
pτq with respect to K if it has property (T) with respect to UK.
Proposition 4.15. Let GK be an HLS groupoid with parent group Γ. Let
R be the collection of representations of CcpGKq that extend to the regular
representation C˚r pGKq. Then GK has property (T) with respect to R if and
only if Γ has property pτq with respect to K.
Proof. Let C˚
K
pΓq denote the completion of the group algebra CrΓs for the
norm
}a} :“ sup
uPUK
}upaq}
Note that Γ has property (T) with respect to the collection UK if and only
it has property (T) with respect to the collection of all representations of Γ
that extend to C˚
K
pΓq.
Having made the above definition and observation, the proof of the propo-
sition is then essentially the same as that of Proposition 4.11, once we
have noted also that: the map ι : CrΓs Ñ CcpGKq of Lemma 4.10 ex-
tends to an injective ˚-homomorphism C˚
K
pΓq Ñ C˚r pGKq; and that the map
σ : CcpGKq Ñ CrΓs of Lemma 4.10 extends to a surjective ˚-homomorphism
C˚r pGKq Ñ C˚KpΓq (cf. the proof of [24, Lemma 2.7]). We leave the remaining
details to the reader.
4.5 Group actions
Let Γ be a discrete group acting on a compact space X . Our goal in this sec-
tion is to characterise property (T) for the associated transformaton groupoid
X ¸ Γ. We start with the definitions.
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Recall then that the transformation groupoid G :“ X ¸ Γ associated to
such an action is defined as a set to be.
G :“ tpgx, g, xq P X ˆ Γ ˆX | g P Γ, x P Xu.
It is equipped with the subspace topology it inherits from X ˆ Γ ˆX . The
unit space is Gp0q “ tpx, e, xq | x P Xu (where e is the trivial element in Γ),
which we identify with X in the obvious way. The range and source maps
r, s : GÑ X are given by
r : pgx, g, xq ÞÑ gx, s : pgx, g, xq ÞÑ x
respectively, and the composition and inverse by
pghx, g, hxqphx, h, xq “ pghx, gh, xq and pgx, g, xq´1 “ px, g´1, gxq.
The following lemma is well known; we provide a sketch proof for the
reader’s convenience, and as we need to establish notation. In order to state
it, for g P Γ, let us write Gg :“ tpgx, g, xq P G | x P Xu for the ‘slice’ of
G corresponding to g, and let us write αg for the ˚-automorphism of CcpXq
defined by αgpfq :“ fpg´1xq.
Lemma 4.16. Let π : CcpGq Ñ BpHq be a unital representation of CcpGq.
Then there exist unique representations πX and πΓ of CcpXq and Γ respec-
tively on H that satisfy the covariance relation
πΓg π
XpfqpπΓg q˚ “ πXpαgpfqq
and such that for all f P CcpGq
πpfq “
ÿ
gPΓ
πXpΨpf |GgqqπΓg . (1)
Conversely, any pair of representations pπX , πΓq of CcpXq and Γ on some
H that satisfy the covariance relation uniquely determines a nondegenerate
representation of CcpGq via the formula in line (1).
Proof. Starting with a representation π of CcpGq, define πX to be the restric-
tion of π to CpXq Ď CcpGq (as usual, we identify X with Gp0q here). For
g P Γ, define ug : GÑ r0, 1s to be the function
ugphx, h, xq :“
"
1 h “ g
0 otherwise
.
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We leave the direct checks that (a) g ÞÑ ug defines a unitary representation
of Γ, (b) of the covariance relation, and (c) of the equation in line (1) to the
reader.
The converse direction is straightforward: given a covariant pair pπX , πΓq,
define π by the formula in line (5.7), and use the covariance relation to show
that does define a representation of CcpGq; we leave the direct computations
involved to the reader.
The next lemma again consists of direct algebraic computations; this time
we leave all the details to the reader.
Lemma 4.17. Let π be a nondegenerate representation of CcpGq on H, and
let pπX , πΓq be the corresponding covariant pair from Lemma 4.16. Then a
vector ξ in H is fixed by CcpGq if and only if it is invariant for Γ in the sense
that πΓg ξ “ ξ for all g P Γ.
Going back to actions, the following definition is natural.
Definition 4.18. Let UX be the collection of all representations u of Γ such
that there exists a unital representation π of CpXq with pπ, uq covariant.
Proposition 4.19. Let Γ be a discrete group acting on a compact space X,
and let G “ X ¸ Γ be the associated transformation groupoid. Then the
following are equivalent:
(i) G has property (T);
(ii) Γ has property (T) with respect to the collection UX in the sense of
Definition 4.12.
Proof. Assume G has property (T), and let pK, cq be a Kazhdan pair for
G with K compact. Let u be a representation in UX , so u is part of some
covariant pair pπX , uq. Let π be the corresponding representation of CcpGq
as in Lemma 4.16. Using Lemma 4.17, the orthogonal complement of the u
fixed vectors exactly corresponds to Hπ. Let ξ be a unit vector in Hπ, and
let f P CcpGq be supported in K, such that }f}I ď 1, and with the property
that }πpfqξ´πpΨpfqqξ} ě c. As K is compact, we have that K is contained
in tpgx, g, xq P G | g P Su for some finite subset S of G. We may write f as a
finite sum f “ řgPS f |Gg ; note that }f |Gg}I ď 1 for each g P S. There must
then exist some g P S such that }πpf |Ggqξ´πpΨpf |Ggqqξ} ě c{|S|. Note that
πpf |Ggq “ πpΨpf |Ggqqug,
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whence we now have that for some g P S
c{|S| ď }πpΨpf |Ggqqugξ ´ πpΨpf |Ggqqξ} ď }ugξ ´ ξ},
giving us that Γ has property (T) with respect to UX .
For the converse direction, assume that Γ has property (T) with respect to
UX , and let pS, cq be a Kazhdan pair in the usual sense. LetK :“ tpgx, g, xq P
G | g P Su, which is compact. We claim that pK, cq is a Kazhdan pair for G,
thus showing that G has property (T). Indeed, let ξ P Hπ be a unit vector for
some representation pπ,Hq with pπX , πΓq the corresponding covariant pair as
in Lemma 4.16. Then analogously to the discussion above there exists g P S
such that }πΓg ξ´ ξ} ą c. Let f P CcpGq be the characteristic functiuon of the
slice Gg :“ tpgx, g, xq | x P Xu. Then f is supported in K, satisfies }f}I ď 1,
and the above says that }πpfqξ ´ πpΨpfqqξ} ą c, so we are done.
Corollary 4.20. Let Γ be a discrete group acting on a compact space X, and
let G “ X ¸ Γ be the associated transformation groupoid. Assume moreover
that X admits an invariant probability measure. Then G “ Γ¸X has property
(T) if and only if G has property (T).
Proof. If Γ has property (T), then G always has property (T) by Example
4.13 and Proposition 4.19. Conversely, the multiplication representation πµ
and permutation representation uµ of CcpXq and Γ respectively on L2pX, µq
fit together to make a covariant pair. Moreover, uµ contains the trivial rep-
resentation as a subrepresentation. It follows that if pH, uq is any unitary
representation of G, then pπµ b 1H , uµ b uq is a covariant pair such that the
Γ part uµ b u contains u as a subrepresentation. As u was arbitrary, it fol-
lows that property (T) with respect to UX is the same as property (T) with
respect to the collection of all unitary representations, which is just property
(T).
Example 4.21. Let Γ be a discrete group. By definition, a compact space
X with an action of Γ and a quasi-invariant measure µ has spectral gap if Γ
has property (T) with respect to the collection of representations consisting
of just the Koopman representation on L2pX, µq. From Proposition 4.19, it
follows that if G “ X¸Γ has property (T) and µ is a quasi-invariant measure
on X , then the action of Γ on pX, µq will have spectral gap.
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5 Connections with other versions of prop-
erty (T)
In this section, we explore relationships with other versions of property (T):
first other topological notions, then the measure-theoretic definition of Zim-
mer and Anantharaman-Delaroche.
5.1 Other topological definitions of property (T)
There are two other versions of topological property (T) for groupoids that
either seem reasonable, or have appeared more-or-less explicitly in the liter-
ature. In this subsection, we look at these, and (at least partially) determine
the relationship to our notion. As usual, throughout this section, ‘groupoid’
means locally compact, Hausdorff, e´tale groupoid with compact base space.
The first possible variant of property (T) is as follows, and is a natural
variant of our notion from Definition 3.6.
Definition 5.1. Let G be a groupoid with compact base space. A subset K
of G is a Kazhdan1 set if there exists c ą 0 such that for any representation
pH, πq of CcpGq which does not have invariant vectors, and any ξ P H , there
exists f P CcpGq with support in K and }f}I ď 1 such that }fξ ´ Ψpfqξ} ě
c}ξ}.
The groupoid G has (topological) property (T1) if it admits a compact
Kazhdan1 set.
For groups, it follows from the fact that the invariant vectors Hπ form
a subrepresentation of any given representation pH, πq that property (T) is
equivalent to property (T1). Clearly we also have that property (T) implies
(T1) in general; the converse, however, is false as we will see in a moment.
For certain purposes, property (T1) may be more natural than property
(T), partly as it deals with genuine representations rather than subspaces
of representations; however, for our applications, property (T) is much more
useful.
Here is an example showing that property (T) is strictly stronger than
property (T1).
Example 5.2. Let P be the pair groupoid on the set t0, 1u with range and
source maps denoted rP , sP respectively. Let N :“ N Y t8u be the one
point compactification of the natural numbers, and let H be the groupoid
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with underlying topological space Nˆ P , base space Hp0q “ Nˆ P p0q, range
and source maps defined by rpn, pq :“ pn, rP ppqq and spn, pq :“ pn, sP ppqq
respectively, and product and inverse defined ‘pointwise’ by
pn, pqpn, qq :“ pn, pqq and pn, pq´1 “ pn, p´1q.
Let
G :“ tpn, pq P H | p8, pq P t8u ˆ P p0qu.
Then it is not difficult to check that G is an open subgroupoid of H with the
same base space, and therefore an e´tale groupoid with compact base space
in its own right. We claim that G has (T1), but not (T).
Indeed, to check (T1), it will suffice to show that every representation of
CcpGq has invariant vectors, so (T1q will hold for essentially vacuous reasons.
Indeed, it is not too difficult to see that C˚maxpGq identifies with the unitisationrA of the C˚-algebra A :“ ÀnPNM2pCq. Using the universal property of
C˚maxpGq, representations of CcpGq uniquely extend to rA, and on the other
hand representations of rA uniquely restrict to CcpGq. Now, let pH, πq be
a representation of rA. If π restricts to a non-zero representation on one of
the copies of M2pCq, then (as M2pCq is simple), π must be non-zero on the
projection p “ 1
2
ˆ
1 1
1 1
˙
in that copy of M2pCq. It is not too difficult to see
that any vector in the image of πppq is invariant in this case. On the other
hand, if π vanishes on every copy of M2pCq in the direct sum, then π is the
pullback to rA of a representation of rA{A “ C. It is not difficult to see that
any vector in such a representation is invariant, so we are done.
To check that G does not have (T), assume for contradiction that K Ď G
is a Kazhdan set as in Definition 3.6. As K is compact, there is some N P N
such that
K Ď Gp0q
ď
t1, ..., Nu ˆ P.
Consider any faithful unital representation pH, πq of rA as above, and restrict
to CcpGq. As π is faithful it restricts to a non-zero representation of the
pN`1qst copy ofM2pCq. Thanks to the representation theory ofM2pCq, this
restriction induces a decomposition of H of the form
H “ C2 bH1 ‘H0,
where M2pCq acts on C2bH1 as the amplification of the standard represen-
tation of M2pCq on C2 (and H1 is not the zero Hilbert space), and M2pCq
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acts as zero on H0. Let ξ be any non-zero unit vector in H1, and consider
the vector
η :“ 1?
2
ˆ
1
´1
˙
b ξ P C2 bH1 Ď H.
It is not difficult to see that this is a norm one vector in the orthogonal
complement Hπ of the invariant vectors, but that for each f P CcpGq that is
supported in K, we have that πpΨpfqqη “ πpfqη. This contradicts that K is
a Kazhdan set, so we are done.
The second definition of property (T) that we look at is also very natural.
This has appeared in the literature before for group actions in a slightly
different but equivalent form: see [8, page 441]. We are not aware of any
study of the general groupoid property in the literature before.
We need a standard preliminary definition: see for example [6, Definition
5.6.15].
Definition 5.3. Let G be a groupoid. A function φ : GÑ C is positive type
if:
(i) φpxq “ 1 for all x P Gp0q;
(ii) φ is symmetric, i.e. φpg´1q “ φpgq for every g P G,
(iii) for every finite tuple g1, ..., gn in G with the same range and every tuple
z1, ..., zn of complex numbers,
nÿ
i,j“1
zizjφpg´1i gjq ě 0.
Definition 5.4. A groupoid G has (topological) property (T2) if whenever
pφi : G Ñ CqiPI is a net of positive type functions that converges uniformly
on compact sets to the constant function one, then pφiq converges uniformly
to the constant function one.
The above definition is well-known to be equivalent to property (T) in
the group case: this follows for example from [1, Lemma 2] combined with
[7, Theorem 13.5.2]. It is moreover a very natural definition, and maybe
of a more ‘topological’ nature than ours: indeed, ours has some measure-
theoretic flavour coming from the connections of invariant vectors to invariant
measures, and also from the connection to representation theory.
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The following lemma combined with Proposition 4.19 shows that in the
case of group actions, property (T2) is strictly stronger than our property
(T).
Lemma 5.5. Let Γ be a discrete group acting on a compact space X by
homeomorphisms, and let X ¸ Γ be the associated transformation groupoid.
If X ¸ Γ has property (T2q, then Γ has property (T).
Proof. Assume G :“ X ¸ Γ has property (T2), and let pφi : Γ Ñ Cq be
a net of positive type functions converging uniformly on compact sets (i.e.
pointwise, as Γ is discrete) to the constant function one; to see that Γ has
(T) it suffices to prove that pφiq converges uniformly to one. To see this, for
each i let rφi : GÑ C be the pullback defined by
rφipgx, g, xq :“ φipgq.
Then direct checks show that each rφi is positive type, and that the net prφiq
converges uniformly to one on compact subsets of G; hence by property
(T2) it converges uniformly to one. It follows that the original net pφiq also
converges uniformly to one, so we are done.
Using the discussion in [18, Section 11.4.3], one also has the following
result, showing that property (T2) is essentially trivial for coarse groupoids.
Lemma 5.6. Let X be a bounded geometry metric space. Then the coarse
groupoid GpXq has property (T2) if and only if X is bounded.
Hence for coarse groupoids, property (T2) is also strictly stronger than
our property (T) by Proposition 4.6. It is plausible from these examples that
(T2) implies (T) in general, but we were unable to show this.
5.2 Measured property (T)
In [2], Anantharaman-Delaroche defined a notion of property (T) for a mea-
sured groupoid, building on earlier work of Zimmer [26] in the case of a
measured equivalence relation. Our aim in this subsection is to discuss the
relationship of this measure-theoretic notion to our topological notion: in
particular (Theorem 5.12 below), we show that the topological notion im-
plies the measure-theoretic one for a large class of measures
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Throughout this subsection G will be a groupoid (as usual, locally com-
pact, Hausdorff, e´tale, and with compact unit space). As we are interested
in measure theory, we will assume that G is second countable to avoid
measure-theoretic pathologies. We assume moreover that the base space
Gp0q is equipped with an invariant probability measure µ. Associated to this
measure µ is the measure r˚µ on G defined as a functional on CcpGq by the
formula
r˚µ : f ÞÑ
ż
Gp0q
ÿ
gPGx
fpgqdµpxq.
We equip G with the Borel structure induced by the topology, and with the
measure class C of r˚µ. When we say ‘almost everywhere’ below, we mean
with respect to µ when the ambient space is Gp0q, and with respect to C
when the ambient space is G. The pair pG,Cq is a measured groupoid in the
sense of [2, Definition 2.7]. As C only depends on µ, we will generally write
pG, µq for this measured groupoid.
We want to compare property (T) for pG, µq in the sense of [2, Section
4] with our notion of property (T) for G. To avoid confusion, let us call the
former property measured property (T) for pG, µq, and the latter property
topological property (T) for G.
We first recall the definitions necessary to make sense of measured prop-
erty (T). The following is [2, Definition 3.1].
Definition 5.7. A representation of G consists of the following data:
(i) a Hilbert bundle H “ pHxqxPGp0q over Gp0q in the sense of [2, Definition
2.2];
(ii) the associated Borel groupoid IsopGp0q ˚Hq consisting of triples px, V, yq
where V : Hy Ñ Hx is a unitary isomorphism [2, Section 3.1];
(iii) a Borel homomorphism π : GÑ IsopGp0q˚Hq sending each unit x P Gp0q
to the corresponding unit px, IdHx , xq of IsopGp0q ˚Hq.
We will write representations of G in the sense above as pairs pH,Lq. We
will abuse notation by writing πg : Hspgq Ñ Hrpgq for the unitary V such that
πg “ prpgq, V, spgqq.
The next definitions are from [2, Sections 2.1 and 4.1].
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Definition 5.8. Let H be a Hilbert bundle over Gp0q in the sense of [2,
Definition 2.2]. The space SpGp0q, µ,Hq consists of all Borel sections
ξ : Gp0q Ñ H, x ÞÑ ξx
(where ‘section’ means that ξpxq P Hx), modulo almost everywhere equality,
and equipped with the topology defined by the equivalent conditions from [2,
Proposition 2.3]. An element ξ of SpGp0q, µ,Hq is a unit section if }ξx}Hx “ 1
for almost all x P Gp0q (see [2, Section 4.1]).
The next definitions are from [2, Definition 4.2].
Definition 5.9. Let pH, πq be a representation of G.
(i) A section ξ in SpGp0q, µ,Hq is invariant if
ξrpgq “ πgξspgq in Hrpgq
for almost every g P G.
(ii) The representation pH, πq almost contains unit invariant sections if
there is a sequence of unit sections pξnq such that
}ξnrpgq ´ πgξnspgq}Hrpgq Ñ 0
for almost every g P G.
Finally, we get to the definition of measured property (T) for our mea-
sured groupoid. The following is [2, Definition 4.3]
Definition 5.10. Let G be a groupoid (locally compact, Hausdorff, e´tale,
second countable, with compact base space) equipped with an invariant prob-
ability measure µ on Gp0q. The measured groupoid pG, µq has measured prop-
erty (T) if whenever a representation pH,Lq almost contains unit invariant
sections, it actually contains a unit invariant section.
Remark 5.11. Anantharaman-Delaroche’s definition of measured property
(T) applies to a more general class of measured groupoids than ours. For ex-
ample, Anantharaman-Delaroche does not assume the presence of an under-
lying topology, and allows quasi-invariant measures on the base space. There
is no obvious connection between our definition and that of Anantharaman-
Delaroche in the case of a quasi-invariant probability measure: see Lemma
5.13 and the following comments at the end of this section.
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Here is the main result of this section.
Theorem 5.12. Let G be a groupoid with topological property (T). Then for
every ergodic invariant probability measure µ on Gp0q, the measured groupoid
pG, µq has measured property (T).
Proof. Assume for contradiction that µ is an invariant ergodic measure on
Gp0q and pH, πq a representation of G that almost has unit invariant sections,
but no invariant section. Let Hµ be the Hilbert space completion of the
collection of all bounded elements of SpGp0q, µ,Hq, equipped with the inner
product
xξ, ηyHµ :“
ż
Gp0q
xξx, ηxyHxdµpxq.
As described in [17, Section 2.3.3], pH, πq integrates to a ˚-representation
π : CcpGq Ñ Hµ
with the property that for all ξ, η P Hµ,
xξ, πpfqηy “
ż
Gp0q
ÿ
gPGx
fpgqxξx, πgηspgqyHxdµpxq.
We claim first that the representation pHµ, πq of CcpGq contains no non-
zero constant vectors. Assume for contradiction that ξ P Hµ is a constant
unit vector, so that
πpΨpfqqξ “ πpfqξ (2)
for all f P CcpGq. Writing out what this means,
pπpfqξqpxq “
ÿ
gPGx
fpgqπgξspgq and pπpΨpfqqξqx “
ÿ
gPGx
fpgqξx
and so line (2) above says thatÿ
gPGx
fpgqπgξspgq “
ÿ
gPGx
fpgqξx
for every f P CcpGq, and almost every x P Gp0q. As this holds for all f P
CcpGq, considering functions f that are supported on bisections (and using
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second countability) shows that this is impossible unless πgξspgq “ ξrpgq for
almost every g P G. This implies that the function
Gp0q Ñ R, x ÞÑ }ξx}Hx
is invariant under the action of G on Gp0q, and thus by ergodicity, it is
constant almost everywhere. As µ is a probability measure and as }ξ}Hµ “ 1,
this forces }ξx} “ 1 for almost every x P Gp0q. At this point, we have that ξ
is a unit invariant section for pH, πq, which is the desired contradiction.
Now, let pξnq be a sequence as in the definition of almost containing unit
invariant sections, so that
}ξnrpgq ´ πgξnspgq}2Hrpgq Ñ 0 (3)
for almost every g P G. From topological property (T) there exists a compact
subset K of G and c ą 0 such that for each ξn there exists fn P CcpGq
supported in K and with }fn}I ď 1 such that
}πpfnqξn ´ πpΨpfnqqξn}2Hµ ě c.
Writing out what this means,ż
Gp0q
››› ÿ
gPGx
fnpgqπgξnspgq ´
ÿ
xPGx
fnpgqξnx
›››2
Hx
dµpxq ě c.
Using that }fn}I ď 1 and that each fn is supported in K we thus get
c ď
ż
Gp0q
››› ÿ
gPGx
fnpgq
`
πgξ
n
spgq ´ ξnx
˘›››2
Hx
dµpxq
ď
ż
Gp0q
´ ÿ
gPGx
|fpgq|}πgξnspgq ´ ξnx }Hx
¯2
dµpxq
ď
ż
Gp0q
sup
gPKXGx
}πgξnspgq ´ ξnx }2Hxdµpxq. (4)
Now, asKXGx is finite for all x P Gp0q, line (3) gives that the integrand above
tends to zero pointwise almost everywhere. As each ξn is a unit section, the
integrand is moreover bounded above by four; as µ is a probability measure
we may thus apply the dominated convergence theorem to get that the final
integral in line (4) tends to zero as n tends to infinity. As it is bounded below
by c for all n, this gives the required contradiction.
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To conclude this section, we make some comments about the relationship
of our definition to that of Anantharaman-Delaroche when one only has a
quasi-invariant measure on the base space. The essential point is that the
notions of constant vectors one gets in that case are different.
Recall then that if G is a groupoid and µ is a quasi-invariant measure on
Gp0q then there is an associated modular function D : GÑ p0,8q defined by
D “ dpr˚µq{dps˚µq. If moreover pH, πq is a representation of G in the sense
of Definition 5.7 above, then associated to the triple pH, µ, πq we may form
the Hilbert space
Hµ :“ L2pGp0q, tHxu, µq
of L2-sections of the family tHxu with respect to the measure µ. Moreover,
there is a representation of CcpGq onHµ uniquely determined by the condition
xξ, πpfqηy “
ż
Gp0q
ÿ
gPGx
fpgqD´1{2pgqxξx, πgηspgqyHxdµpxq
for all ξ, η P Hµ and f P CcpGq. The representation pHµ, πq of CcpGq is called
the integrated form of the triple pH, µ, πq. Conversely, Renault’s disintegra-
tion theorem [16, Theorem 2.3.15] says that when G is second countable, any
representation pH, πq of CcpGq arises like this.
We leave the proof of the following lemma to the reader.
Lemma 5.13. Let pHµ, πq be the integrated form of the representation pH, µ, πq
of a second countable groupoid G. Let D be the modular function associated
to µ. Then a vector ξ P Hµ is constant in the sense of Definition 3.1 if and
only if
ξrpgq “ D´1{2pgqπgξspgq
for almost all g P G, where ‘almost all’ is meant with respect to the measure
r˚µ.
On the other hand, Anantharaman-Delaroche uses the definition of con-
stant from Definition 5.9 above, that ξrpgq “ πgξspgq for almost every g P G,
also in the case of a quasi-invariant measure of Gp0q. Thus in the case when
µ is only quasi-invariant, it seems unreasonable to expect much connection
between the notions of Anantharaman-Delaroche (and also of Zimmer) and
ours.
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6 Connections with a-T-menability
The property of a-T-menability for groupoids was introduced by Tu [21,
Section 3] as part of his work on the Baum-Connes conjecture. Just as for
groups, a-T-menability for groupoids is a generalisation of amenability that
admits several useful characterisations. Moreover, just as for groups, all
amenable groupoids are a-T-menable.
For groups, the name a-T-menability (due to Gromov) came about as this
condition is like amenability, and incompatible with property (T): indeed a
discrete group is a-T-menable and has property (T) if and only if it is finite.
Our goal in this section is to show that property (T) for a groupoid (as
usual, locally compact, Hausdorff, and e´tale) is also incompatible with a-T-
menability in many cases.
Here is a sample result that we can deduce from our main theorem. To
state it, recall that a groupoid is minimal if for every x P Gp0q, the orbit Gx
defined by Gx :“ spGxq is dense in Gp0q. As usual, we assume throughout
the section that all our groupoids are locally compact, Hausdorff, e´tale, and
have compact base space.
Theorem 6.1. Let G be a minimal groupoid with property (T), that it a-T-
menable, and such that Gp0q admits an invariant probability measure. Then
G is finite.
Note that this result generalises the above-mentioned incompatibility of
a-T-menability and property (T) in the group case. See also [2, Proposition
4.7] for an analogous result in the measured context, where the minimal-
ity assumption is replaced by the related measure-theoretic assumption of
ergodicity.
In order to get to our main result, we need some definitions. We start by
recalling some definitions from Tu’s work [21, Section 3].
Definition 6.2. Let G be a groupoid. A function F : G Ñ r0,8q is of
negative type if:
(i) F pxq “ 0 for all x P Gp0q;
(ii) F is symmetric, i.e. F pg´1q “ F pgq for every g P G;
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(iii) for every finite tuple g1, ..., gn in G with the same range, and every tuple
a1, ..., an of real numbers such that
ř
j aj “ 0,
nÿ
i,j“1
aiajF pg´1i gjq ď 0.
A function F : G Ñ r0,8q is locally proper if for any compact subset K of
Gp0q, the restriction of F to GKK is proper in the usual sense.
Definition 6.3. A groupoid G is a-T-menable if there exists a continuous,
locally proper, negative type function F : GÑ r0,8q.
Tu shows several useful facts about the class of a-T-menable groupoids
in [21, Section 3]: perhaps most relevant for us in terms of understanding
the range of validity of Theorem 6.6 is that amenable groupoids are always
a-T-menable [21, Lemme 3.5].
We need one more technical condition for the proof.
Definition 6.4. A groupoid G with compact base space is large if for any
compact subset K of G the restriction of the range map r|GzK : GzK Ñ Gp0q
is surjective.
Note that a large groupoid is automatically non-compact; in general, one
should think of largeness as a fairly mild generalisation of non-compactness.
For example, it is straightforward to see that a transformation groupoidX¸Γ
with X compact is large if and only if Γ is not finite, if and only if X ¸ Γ is
not compact. We also have the following result: it implies in particular that
largeness and non-compactness are equivalent for minimal groupoids.
Lemma 6.5. Let G be a minimal, infinite groupoid. Then G is large.
Proof. Assume for contradiction that G is minimal and infinite, but that
there is a compact K Ď G and x P Gp0q such that x R rpGzKq. It follows
that Gx Ď K. As K is compact, this forces Gx to be finite, and thus the orbit
of x under G must be finite. This contradicts minimality unless Gp0q equals
the finite orbit of x, so in particular Gp0q is finite and G acts transitively on it.
However, as Gx is finite and G acts transitively on Gp0q, this forces each range
fibre to be finite. Hence G is finite, which is the desired contradiction.
Here is the main result of this section.
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Theorem 6.6. Let G be an a-T-menable groupoid with property (T), compact
base space Gp0q, and an invariant probability measure µ on Gp0q. Then G is
not large.
Note that this result together with Lemma 6.5 imply Theorem 6.1. We
discuss the failure of some stronger statements in Example 6.11 below.
In order to prove Theorem 6.6, we need some basic facts about positive
type functions (see Definition 5.3) on groupoids, and the associated GNS-
type representations. Let then µ be the given invariant probability measure
on Gp0q and φ : G Ñ C be a positive type function . We define an inner
product on CcpGq by the formula
xξ, ηyφ :“
ż
Gp0q
ÿ
g,hPGx
ξpgqηphqφpg´1hqdµpxq.
The fact that φ is positive type implies that the sumÿ
g,hPGx
ξpgqξphqφpg´1hq
is non-negative for all x P Gp0q, and thus that the form above is positive
semidefinite. Hence we may define a Hilbert space Hφ to be the separated
completion of CcpGq for the above inner product.
The following lemma is presumably well-known (compare also Remark
6.8 below). However, we could not find what we needed in the literature so
give a proof for the reader’s convenience.
Lemma 6.7. The left convolution action of CcpGq induces a well-defined
representation πφ of CcpGq on Hφ by bounded operators.
Proof. Note that a general element f P CcpGq is a finite sum of elements
supported on bisections. Hence to prove that the convolution action of a
general f P CcpGq on Hµ is well-defined and by bounded operators, it suffices
to prove this for some f P CcpGq supported on a single bisection.
Let f, ξ P CcpGq with f supported on a single bisection, and let us com-
pute xfξ, fξyφ, where the product is convolution. We have that
xfξ, fξyφ “
ż
Gp0q
ÿ
g,h,k,lPGx
fpkqξpk´1gqfplqξpl´1hqφpg´1hqdµpxq.
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As f is supported on a bisection, it can be non-zero on at most one point
in Gx; hence we may replace the sums over k and l in the above by a single
sum in k, getting
xfξ, fξyφ “
ż
Gp0q
ÿ
g,h,kPGx
|fpkq|2ξpk´1gqξpk´1hqφpg´1hqdµpxq.
Making the substitutions m “ k´1g and n “ k´1h, we get
xfξ, fξyφ “
ż
Gp0q
ÿ
kPGx
ÿ
m,nPGspkq
|fpkq|2ξpmqξpnqφpm´1nqdµpxq.
Now the right hand side above is the integral of the function
GÑ C, k ÞÑ
ÿ
m,nPGspkq
|fpkq|2ξpmqξpnqφpm´1nq
with respect to the measure r˚µ. Hence by invariance of µ it equals the same
integral with respect to s˚µ, i.e.
xfξ, fξyφ “
ż
Gp0q
ÿ
kPGx
ÿ
m,nPGspkq
|fpkq|2ξpmqξpnqφpm´1nqdµpxq
“
ż
Gp0q
´ ÿ
kPGx
|fpkq|2
¯´ ÿ
m,nPGx
ξpmqξpnqφpm´1nq
¯
dµpxq
Note now that as f is supported in a bisection, we have that
ř
kPGx
|fpkq|2 ď
}f}28. Hence we now have that
xfξ, fξyφ ď }f}28
ż
Gp0q
ÿ
m,nPGx
ξpmqξpnqφpm´1nqdµpxq “ }f}28xξ, ξyφ.
This proves both that the action of f on Hµ is well-defined, and that it is by
a bounded operator.
It remains to prove that πφ is a ˚-representation. Linearity is clear, and
multiplicativity follows from associativity of multiplication on CcpGq, so it
remains to check that πφ is ˚-preserving. We compute that for f, ξ, η P CcpGq,
xξ, fηyφ “
ż
Gp0q
ÿ
g,h,kPGx
ξpgqfpkqηpk´1hqφpg´1hqdµpxq.
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Making the substitutions l “ k´1h and m “ k´1g, this equalsż
Gp0q
ÿ
kPGx
ÿ
l,mPGspkq
ξpkmqfpkqηplqφpm´1lqdµpxq.
Using invariance of µ again we haveż
Gp0q
ÿ
kPGx
ÿ
l,mPGspkq
ξpkmqfpkqηplqφpm´1lqdµpxq
“
ż
Gp0q
ÿ
kPGx
ÿ
l,mPGx
ξpkmqfpkqηplqφpm´1lqdµpxq.
On the other hand, fpkq “ f˚pk´1q, so this becomesż
Gp0q
ÿ
l,mPGx
ÿ
kPGx
f˚pk´1qξpkmqηplqφpm´1lqdµpxq.
The sum
ř
kPGx
f˚pk´1qξpkmq is just the complex conjugate of the convolu-
tion product of f˚ and ξ evaluated at m, however, so this equalsż
Gp0q
ÿ
l,mPGx
pf˚ξqpmqηplqφpm´1lqdµpxq “ xf˚ξ, ηyφ
and we are done.
Remark 6.8. We could also have deduced the above lemma from general
theory, at least in the case that G is second countable. Indeed, for each
x P Gp0q we may define a positive definite sesquilinear form on CcpGxq by the
formula
xξ, ηyx :“
ÿ
g,hPGx
ξpgqηphqφpg´1hq,
and so a Hilbert space Hx. We then equip the collection H “ tHxuxPGp0q
with the fundamental space of sections given by the image of CcpGq; if G is
second countable, this makes H into a measurable field of Hilbert spaces in
the sense of [17, Definition 1.3.12] (or equivalently, a Hilbert bundle in the
sense of [2, Definition 2.2], as already used in Definition 5.7 above).
We then equip H with a representation π of G in the sense of [17, Def-
inition 2.3.12], or equivalently of Definition 5.7 above, by defining for each
g P G
πg : Hspgq Ñ Hrpgq, pπgξqphq :“ ξpg´1hq.
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The reader can then verify easily for themselves that the integrated form of
this representation (see [17, Section 2.3.3]) agrees with pHφ, πφq as defined
above. We instead went via Lemma 6.7 as this seemed a little more direct,
and as it does not require any separability assumptions on G.
Let us now go back to the assumptions of Theorem 6.6. As G is a-T-
menable with compact base space, there exists a continuous, proper negative
type function F : G Ñ r0,8q as in Definition 6.2. It follows from Schoen-
berg’s theorem (see for example [5, Theorem C.3.2]) that for each t ą 0 the
function
φt : GÑ R, g ÞÑ e´tF pgq
is positive type. Hence we may form the Hilbert spaces Ht :“ Hφt and
representations πt :“ πφt of CcpGq as in the discussion above.
Lemma 6.9. With notation as above, the representations pHt, πtq have the
following property. Let ξ denote the image in Ht of the characteristic function
of the base space. For all ǫ ą 0 and compact subsets K of G there exists T ą 0
such that for all t P p0, T s and all f P CcpGq with }f}I ď 1 we have that
}fξ ´Ψpfqξ}Ht ă ǫ.
Proof. We compute that
}fξ ´Ψpfqξ}2Ht “ xfξ ´Ψpfqξ, fξ ´ΨpfqξyHt
“
ż
Gp0q
ÿ
g,hPGx
pfξ ´Ψpfqξqpgqpfξ ´Ψpfqξqphqφtpg´1hqdµpxq.
Using that ξ is the identity for convolution, this equalsż
Gp0q
ÿ
g,hPGx
fpgqfphq`φtpg´1hq ´ φtpg´1q ´ φtphq ` φtpxq˘dµpxq.
As µ is a probability measure, the absolute value of this is bounded above
by
sup
g,hPK
|φtpg´1hq ´ φtpg´1q ´ φtphq ` φtpxq|
ÿ
g,hPGx
|fpgqfphq|
ď sup
g,hPK
|φtpg´1hq ´ φtpg´1q ´ φtphq ` φtpxq|}f}8}f}I
ď sup
g,hPK
|φtpg´1hq ´ φtpg´1q ´ φtphq ` φtpxq|.
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As K is compact and φtpgq “ e´tF pgq, all four terms in the last expression
can be made to be within ǫ{4 of 1 for t suitably small (depending only on
the fixed function F , and K and ǫ), so we have the result.
We nned one more ancillary lemma that will let us use largeness.
Lemma 6.10. A groupoid G is large if and only if for every compact subset
K of G there exists f P CcpGq with support in GzK, values in r0, 1s, and
with Ψpfq : Gp0q Ñ C equal to the constant function with value one.
Proof. If K Ď G is compact, and f P CcpGq is a function as in the statement,
then we have that
1 “ Ψpfqpxq “
ÿ
gPGx
fpgq “
ÿ
gPGxzK
fpgq
for all x P Gp0q. Hence in particular GxzK must be non-empty for each x,
which is largeness.
Conversely, assume G is large. Then for each x P Gp0q, we may choose an
open bisection Bx Ď GzK such that rpBxq Q x. As Gp0q is compact, we may
take a finite subcover trpBx1q, ..., rpBxnqu of the cover trpBxq | x P Gp0qu of
Gp0q. Choose a partition of unity tφi : Gp0q Ñ r0, 1s | i P t1, ..., nuu on Gp0q
such that φ
p0q
i has compact support contained in rpBxiq. Define moreover
fi : GÑ r0, 1s by
fipgq “
"
φiprpgqq g P Bxi
0 otherwise
Then each fi is continuous and compactly supported. Define finally f :“řn
i“1 fi. It is not too difficult to see that this f has the properties required
by the statement, so we are done.
We are now ready to complete the proof of Theorem 6.6.
Proof of Theorem 6.6. With notation as above, let us assume for contradic-
tion that G is a-T-menable, has property (T), that Gp0q is equipped with
an invariant probability measure µ, and that G is large. To derive a con-
tradiction, it will be sufficient to prove that no representation pHt, πtq has a
non-zero invariant vector. Indeed, Lemma 6.9 then contradicts property (T).
Let us then assume for contradiction that some pHt, πtq does have an
invariant unit vector, say ξ. Choose η P CcpGq so that }ξ ´ η}Ht ă 1{4. Let
m :“ 4}η}I}η}8, (5)
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Let N be the support of η and choose a compact subset K such that
|φtpgq| ă 1{m for all g P N´1 ¨ pGzKq ¨ N ; this is possible by properness of
F , by compactness of N , and by the fact that φtpgq “ e´tF pgq for all g P G.
Let f P CcpGq be as in the definition of largeness for this K.
Now, on the one hand, using invariance of ξ we get
|xη, fηy| ą |xξ, fξy| ´ 2{4 “ |xξ,Ψpfqξy| ´ 1{2 “ }ξ}2 ´ 1{2 “ 1{2. (6)
On the other hand,
xη, fηy “
ż
Gp0q
ÿ
g,h,kPGx
ηpgqfpkqηpk´1hqφtpg´1hqdµpxq.
For the expression ηpgqfpkqηpk´1hqφtpg´1hq to be non-zero, we must have
that k P GzK, that k´1h is in N and that g´1 P N´1, whence h P k ¨ N Ď
pGzKq ¨N , and so g´1h is in N´1 ¨ pGzKq ¨N ; hence whenever this expression
is non-zero, we have that |φtpg´1hq| ă 1{m. It follows that
|xη, fηy| ď 1
m
ż
Gp0q
ÿ
g,h,kPGx
|ηpgq||fpkqηpk´1hq|dµpxq
The
ř
h,kPGx |fpkqηpk´1hq| is bounded above by }η}8}f}I , and the assump-
tions on f imply that }f}I “ 1. Hence we get
|xη, fηy| ď 1
m
}η}8
ż
Gp0q
ÿ
gPGx
|ηpgq|dµpxq.
The expression
ş
Gp0q
ř
gPGx |ηpgq|dµpxq is bounded above by the I-norm of η,
and thus by definition of m (line (5)) we get
|xη, fηy| ď 1{4.
This contradicts line (6), however, completing the proof.
We conclude this section with an example showing that the assumption
of invariant probability measure is necessary on Theorem 6.6, and that one
cannot in general conclude that G is compact under the same hypotheses (as
opposed to the weaker conclusion that G is not large).
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Example 6.11. Let Γ be the free group on two generators acting on its
Gromov, or ideal, boundary X ; see for example [6, Section 5.1] for a direct
treatment of this. Let G “ X¸Γ be the associated transformation groupoid.
As Γ is a-T-menable, it is not difficult to show that G is a-T-menable. More-
over, the action of Γ on X is amenable (see for example [6, Section 5.1] again)
whence C˚maxpGq “ C˚r pGq (see for example [6, Corollary 5.6.17]). It follows
from this and the canonical identification C˚r pGq “ CpXq ¸r Γ that the nat-
ural inclusion CrΓs Ñ C˚maxpGq extends to an inclusion C˚r pΓq Ñ C˚maxpGq.
This implies that the collection UX of Definition 4.18 consists of represen-
tations of Γ that extend to C˚r pΓq. As Γ is not amenable, Γ therefore has
property (T) with respect to UX in the sense of Definition 4.12. Thanks to
Proposition 4.19, we may conclude therefore that X ¸ Γ has property (T).
To summarise, ifG is the transformation groupoid associated to the action
of the free group F2 on its Gromov boundary, then G is a-T-menable and has
property (T); it is also large, as this is true for any transformation groupoid
X ¸Γ with X compact and Γ infinite. Hence the assumption of an invariant
probability measure is needed in Theorem 6.6. Moreover, as is well-known
(and not difficult to check directly from the description given in [6, Section
5.1]), G is a minimal groupoid, so the assumption of invariant probability
measure is also necessary in Theorem 6.1.
We may also use this example to build a non-compact groupoid G which
is a-T-menable, property (T), and for which there exists an invariant prob-
ability measure; thus we cannot get the stronger conclusion that G is non-
compact in Theorem 6.6. Indeed, let Γ and X be as before, let tptu be the
trivial groupoid with base space a single point, and let G “ X ¸ ΓŮtptu
be the disjoint union with the obvious groupoid operations. Then using the
discussion above it is not difficult to see that G is a-T-menable and property
(T). It is not compact as X ¸ Γ is not compact, and it has an invariant
probability measure given by the Dirac mass on the trivial point.
7 Kazhdan projections
In this section we will use property (T) for a groupoidG to construct so-called
Kazhdan projections in C˚maxpGq, and explore some connections to exactness
properties of C˚r pGq and the Baum-Connes conjecture. The analogous clas-
sical result in the group case is due to Akemann and Walter [1]. See also
Valette’s paper [22]: Theorem 3.2 from this paper is one motivation for our
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approach to constructing Kazhdan projections.
Kazhdan projections are interesting partly simply as (other than in trivial
cases) they give examples of projections in C˚maxpGqzCcpGq; these projections
are thus quite exotic in some sense, and exist for ‘analytic’ as opposed to
‘algebraic’ reasons.
Another reason Kazhdan projections are interesting is due to their con-
nections to the Baum-Connes conjecture and exactness. This was exploited
to great effect by Higson, Lafforgue, and Skandalis in their construction of
counterexamples to the Baum-Connes conjecture [11]; part of the motivation
for what we do here is to try to better understand some of the ideas in their
work.
Throughout this section, G denotes a groupoid (as usual, always locally
compact, Hausdorff, e´tale, with compact base space). We will work with
general families of representations; this is partly as this seemed interesting
for applications, particularly when the family consists of the regular repre-
sentations as in Example 3.8, and partly as the extra generality causes no
difficulties.
Definition 7.1. Let F be a family of representations of CcpGq. The C˚-
algebra C˚
F
pGq is defined to be the separated completion of CcpGq for the
(semi-)norm defined by
}f}F :“ sup
pH,πqPF
}πpfq}BpHq.
Definition 7.2. Let G be an groupoid. A projection p P C˚
F
pGq is a Kazhdan
projection if its image in any ˚-representation of C˚
F
pGq is the orthogonal
projection onto the constant vectors.
Note that if it exists, a Kazhdan projection is uniquely determined by
the defining condition, so we will just say ‘the’ Kazhdan projection in future.
Note that the Kazhdan projection could exist and be zero: this happens if
and only if C˚
F
pGq does not have any ˚-representations with non-zero constant
vectors. For example, for C˚maxpGq, Corollary 11 implies this happens if and
only if Gp0q does not admit an invariant probability measure.
Example 7.3. Say G is compact. Then the function p “ χ{Ψpχq from the
proof of Proposition 4.1 is the Kazhdan projection in any C˚
F
pGq.
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7.1 Existence of Kazhdan projections
Our first goal is to prove a general existence result for Kazhdan projections.
To state it, recall that a groupoid G is compactly generated if there is a
compact subset K of G such that any subgroupoid of G containing K must
be all of G.
Theorem 7.4. Say G is a compactly generated groupoid which has property
(T) with respect to the family F . Then there exists a Kazhdan projection
p P C˚
F
pGq.
The proof will proceed via some lemmas.
Lemma 7.5. Say G is a compactly generated groupoid with property (T) with
respect to F . Then there exists a constant c ą 0 and a finite set φ1, ..., φn
of functions GÑ r0, 1s supported on relatively compact open bisections such
that the set
nď
i“1
tg P G | φipgq ě 1{nu (7)
generates G, and such that for any representation pH, πq in F and any vector
ξ P Hπ we have that
}pφi ´Ψpφiqqξ} ě c}ξ} (8)
for at least one i.
Proof. As G is e´tale and locally compact, it is covered by its open, relatively
compact bisections. Let K Ď G be a compact set that is simultaneously a
Kazhdan set for F , and that generates G. As K is compact, it therefore
admits a finite cover by relatively compact open bisections; let φ1, ..., φn be
a partition of unity subordinate to this open cover, so each φi takes values
in r0, 1s, is supported on some open relatively compact bisection, and for all
g P K, řni“1 φipgq “ 1. We claim that φ1, ..., φn have the required properties.
Indeed, as K generates G, the set in line (7) generates G as it contains
K. To see the inequality in line (8), note that as K is a Kazhdan set there
exists a constant c0 ą 0 such that for any representation pH, πq in F and
any vector ξ P Hπ there exists f P CcpGq supported in K with }f}I ď 1 and
such that
}pf ´Ψpfqqξ} ě c0}ξ}. (9)
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Let fi : G
p0q Ñ C be defined by
fipxq :“
"
fpgq there is g P Gx X supppφiq
0 otherwise
;
as Gx X supppφiq contains at most one point, this makes sense, and each
fi is a bounded Borel function of compact support with }fi}8 ď }f}I ď 1.
Noting that the representation of CpGp0qq Ď CcpGq extends canonically to a
representation of the C˚-algebra of bounded Borel functions on Gp0q, we may
make sense of each fi as an operator on H , and we have the formula
f “
nÿ
i“1
fiφi
(where each product fiφi means convolution of functions, or equivalently
composition of operators) as operators on H . Now, we have from line (9)
that
c0}ξ} ď }pf ´Ψpfqqξ} ď
nÿ
i“1
}pfiφi ´Ψpfiφiqqξ} “
nÿ
i“1
}fipφi ´Ψpφiqqξ}
ď
nÿ
i“1
}fi}8}pφi ´Ψpφiqqξ} ď
nÿ
i“1
}pφi ´Ψpφiqqξ}.
The result follows with c “ c0{n.
Now, with notation as in Lemma 7.5, for each i, define
∆i :“ pφi ´Ψpφiqq˚pφi ´Ψpφiqq.
Then clearly each ∆i is an element of CcpGq whose image in any ˚-representation
is a positive operator. Define
∆ :“
nÿ
i“1
∆i.
One should think of ∆ as a combinatorial Laplacian-type operator: indeed,
it is an analogue of the well-studied group Laplacian for a discrete group
with finite generating set S, defined by
∆Γ :“
ÿ
sPS
2´ s´ s˚ “
ÿ
sPS
ps´ 1q˚ps´ 1q P CrΓs.
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Lemma 7.6. With notation as above, for any representation pH, πq of CcpGq,
the kernel of πp∆q consists exactly of the constant vectors.
Proof. Fix a representation pH, πq of CcpGq; for simplicity we will omit π
form the notation. Let ξ be a constant vector in H . Then φiξ “ Ψpφiqξ for
each i. Hence ξ is in the kernel of each ∆i, so in the kernel of ∆.
Conversely, say ξ is in the kernel of ∆. To show that ξ is constant, it
will suffice to show that for any g P G, there is a non-negative compactly
supported function fg : G Ñ C such that fgpgq ‰ 0, and such that fgξ “
Ψpfgqξ; this is because any element of CcpGq can then be written as a finite
sum of products of the form ffg where fg has the property above, and f P
CpGp0qq. Note first that
0 “ xξ,∆ξy “
nÿ
i“1
}pφi ´Ψpφiqqξ}2
whence
φiξ “ Ψpφiqξ (10)
for each i. As the set in line (7) generates G, there exist g1, ..., gk in this set
such that g “ gk ¨ ¨ ¨ g1. Say each gi is in th P G | φnpiqphq ě 1{nu. Then the
function
fg :“ φnpkq ¨ ¨ ¨φnp1q
has the required property: to see that fgξ “ Ψpfgqξ, we prove by induction
on m that if ψm :“ ψnpmq ¨ ¨ ¨ψnp1q then ψmξ “ Ψpψmqξ; this follows from line
(10) and the fact that each ψm is supported on a bisection, whence satisfies
Ψpψmq “
a
ψmψ˚m.
Lemma 7.7. With c ą 0 as in Lemma 7.5, we have that for any represen-
tation of pH, πq in F , the spectrum of πp∆q is contained in t0u Y rc2,8q.
Proof. We have already seen that the kernel of ∆ consists precisely of Hπ, so
it suffices to show that x∆ξ, ξy ě c2}ξ}2 for all ξ P Hπ. Indeed, this follows
directly from Lemma 7.5 as we have
x∆ξ, ξy “
nÿ
i“1
}pφi ´Ψpφiqqξ}2 ě c2}ξ}2
as required.
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Putting the above together, we may now complete the proof of Theorem
7.4.
Proof of Theorem 7.4. With ∆ as above, Lemma 7.7 implies that the spec-
trum of ∆ as an element of C˚
F
pGq is contained in t0u Y rc2,8q. Hence the
characteristic function of zero χt0u is continuous on the spectrum of ∆, and
so we may set p :“ χt0up∆q P C˚FpGq. This has the right property by Lemma
7.6.
7.2 Kazhdan projections in C˚r pGq and exactness
In this subsection, we want to study the Kazhdan projection in C˚r pGq when
it exists. In particular we aim to characterize when it is non-zero. For this,
we need to know when C˚r pGq has representations with non-zero constant
vectors.
The next lemma is the key technical ingredient. To state it, recall from
Example 3.8 that if G is a groupoid and x P Gp0q, then the regular represen-
tation of CcpGq is defined to be the pair pℓ2pGxq, πxq, where for f P CcpGq,
πxpfq acts via the usual convolution formula
pπxpfqξqpgq :“
ÿ
hPGrpgq
fphqξph´1gq.
Lemma 7.8. Let G be a groupoid and let pℓ2pGxq, πxq be the regular repre-
sentation associated to some x P Gp0q. Then the invariant vectors in ℓ2pGxq
in the sense of Definition 3.1 are exactly the functions ξ : Gx Ñ C that are
constant in the usual sense.
Proof. It is straightforward to check that a constant function in ℓ2pGxq is
invariant; we leave this to the reader.
Conversely, let ξ P ℓ2pGxq be a norm one invariant vector. Hence the
associated probability measure µ on Gp0q defined on f P CcpGp0qq by
µpfq :“ xξ, fξy “
ÿ
gPGx
|ξpgq|2fprpgqq
is invariant by Proposition 3.4. The measure µ equals the weighted sumř
gPGx
|ξpgq|2δrpgq of Dirac masses. Consider the orbit Gx :“ rpGxq, and
define
w : GxÑ r0, 1s, y ÞÑ
ÿ
gPGxXGy
|ξpgq|2,
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we we have µ “ řyPGx wpyqδy. As µ is invariant, we have thatż
G
fdr˚µ “
ż
G
fds˚µ,
or in other words thatÿ
yPGx
wpyq
ÿ
hPGy
fphq “
ÿ
yPGx
wpyq
ÿ
hPGy
fphq (11)
for all f P CcpGq. Now, for y, z P Gx, fix h P G with sphq “ y and rphq “ z.
Let pfi : GÑ r0, 1sq be a net of functions in CcpGq that converges pointwise
to the characteristic function of h. Then substituting fi into line (11) above
and taking the limit over i forces wpyq “ wpzq, or in other words that w is
constant on the orbit Gx. As µ is a probability measure, this is impossible
unless Gx is finite.
Summarising, then: at this point, we have that the cardinality n of Gx
is finite, and for each y P Gx,
µptyuq “ 1{n.
As the set Gx is finite (and as G is e´tale), for each g P Gx there exists a
continuous function f : G Ñ r0, 1s supported on a relatively compact open
bisection such that fpgq “ 1 and fphq “ 0 for all h P Gxztgu. As ξ is
constant, we have that
πxpfqξ “ πxpΨpfqqξ
as functions on Gx; evaluating both sides at g gives ξpxq “ ξpgq. This just
says that ξ is constant (in the naive sense of ‘taking the same value at each
point of Gx’), so we are done.
The following result gives a fairly precise characterisation of what the
Kazhdan projection ‘looks like’ in C˚r pGq. To state it, let E : C˚r pGq Ñ
CpGp0qq be the canonical conditional expectation of [17, Proposition 2.3.22].
Proposition 7.9. Let G be a groupoid, and assume that there exists a Kazh-
dan projection p P C˚r pGq. Then
tx P Gp0q | Eppqpxq ą 0u “ tx P X | Gx is finite u.
In particular, if a Kazhdan projection p exists in C˚r pGq, then it is non-zero
if and only if the source fibre Gx is finite for some x P Gp0q.
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Proof. Let x P Gp0q, and let pℓ2pGxq, πxq be the associated regular represen-
tation. As in the proof of [17, Proposition 2.3.20], we have that
Epaqpxq “ xδx, πxpaqδxyℓ2pGxq
for any a P C˚r pGq. Using Lemma 7.8, we have that the Kazhdan projection
πxppq is non-zero if and only if Gx is finite, in which case its image consists of
all constant vectors. Note moreover that if Gx is finite, then this description
gives that
xδx, πxppqδxy “ 1|Gx| .
Hence we have that
Eppqpxq “
"
1{|Gx| Gx finite
0 Gx infinite
The given equality of sets follows.
The remaining statement follows as the canonical conditional expectation
E : C˚r pGq Ñ CpGp0qq is faithful (see [17, Proposition 2.3.22]).
We now turn to an application to (inner) exactness. Recall first that if
G is a groupoid, a subset E of Gp0q is invariant if whenever g P G is such
that spgq is in E, we also have that rpgq is in E. If E is an open or closed
invariant subset of Gp0q, then the restriction G|E :“ GEE it itself a (locally
compact, Hausdorff, e´tale) groupoid. It follows directly from the definition
of the reduced groupoid C˚-algebra (see for example [17, Section 2.3.4]) that
if F is a closed invariant subset of Gp0q, then the natural restriction map
CcpGq Ñ CcpG|F q extends to quotient ˚-homomorphism C˚r pGq Ñ C˚r pG|F q.
Moreover, if U is an open invariant subset of G, then CcpG|Uq is an ideal
in CcpGq, and the inclusion CcpG|Uq Ñ CcpGq extends to an inclusion of a
C˚-ideal C˚r pG|Uq Ñ C˚r pGq.
If now F is a closed invariant subset of Gp0q and U its (necessarily open
and invariant complement), then in the diagram below
0 // C˚r pG|Uq ι // C˚r pGq π // C˚r pG|F q // 0
all the conditions needed to be a short exact sequence are always satisfied,
except one may have that the kernel of π strictly contains the image of ι.
While it is often true that this sequence will be exact, this need not always
be the case, leading to the next definition.
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Definition 7.10. A groupoid G is inner exact if for any open invariant
subset U of Gp0q with closed complement F , the canonical sequence
0 // C˚r pG|Uq // C˚r pGq // C˚r pG|F q // 0
discussed above is exact in the middle.
Although it looks a little technical at first, the proposition below (com-
bined with Theorem 7.4) gives many examples of non-inner exact groupoids
coming from property (T). It, or variations of it, underlies many of the coun-
terexamples to the Baum-Connes conjecture considered in [11]. We do not
claim, however, that the result is optimal in any sense.
Proposition 7.11. Say G is a groupoid such that the Kazhdan projection
exists in C˚r pGq. Assume moreover that there is a closed invariant subset F
of Gp0q with complement U “ Gp0qzF and a net pxiq in U with the following
properties:
(i) for every x P F , Gx is infinite;
(ii) for every i, Gxi is finite;
(iii) for any compact subset K of U , the orbit Gxi :“ trpgq | g P Gxiu does
not intersect K for all suitably large i.
Then the sequence
0 // C˚r pG|Uq // C˚r pGq // C˚r pG|F q // 0
is not exact, and in particular G is not inner exact.
Proof. With assumptions as in the proposition, note that the Kazhdan pro-
jection in C˚r pGq has to map to the Kazhdan projection in C˚r pG|F q, which
is zero by the assumption that F XGp0qfin “ ∅, and Proposition 7.9. Thus we
must show that p is not in C˚r pG|Uq; assume for contradiction that this is the
case, so in particular there exists a P CcpG|Uq such that }p´ a}C˚r pGq ă 1{2.
Let pxiq be the net in the assumptions. Then as each Gxi is finite, Propo-
sition 7.9 implies that the image πxippq under the regular representation πxi
is a non-trivial projection, so norm one. On the other hand, the assumption
that the orbits Gxi are eventually disjoint from any compact subset of U
implies that πxipaq “ 0 for all suitably large i. Thus we have
1{2 ą }p´ a}C˚r pGq ě lim sup
i
}πxippq ´ πxipaq} “ 1,
which is the desired contradiction.
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Examples 7.12. There are two interesting examples where Proposition 7.11
applies that we have discussed already in this paper; no doubt other examples
are possible, but we will content ourselves with these here.
The first occurs for HLS groupoids (Definition 4.9), associated to a group
and approximating sequence with property pτq as in Proposition 4.15. In
this case one can take U to be the subset N of the unit space NY t8u, and
F to be the singleton t8u.
A second interesting example occurs when X is an expander as in Defini-
tion 4.7. Then GpXq has property (T) with respect to the singleton family
Fℓ2pXq consisting of the natural representation on ℓ
2pXq by Proposition 4.8.
We have that C˚
F
pGpXqq equals C˚r pGpXqq in this case (see for example [18,
Proposition 10.29]), so the Kazhdan projection exists in C˚r pGpXqq by Theo-
rem 7.4. In this case, recall that GpXqp0q is the Stone-Cˇech compactification
of X . One can take U to be X , and F to be the Stone-Cˇech remainder
βXzX Ď GpXqp0q.
7.3 Kazhdan projections as K-theory classes
In this subsection, we say a little about the class of the Kazhdan projection
in K-theory. We start with a discussion of failures of inner K-exactness.
Definition 7.13. A groupoid G is inner K-exact if for every open invariant
subset U Ď Gp0q with closed complement F , the corresponding sequence
K˚pC˚r pG|Uqq Ñ K˚pC˚r pGqq Ñ K˚pC˚r pG|F qq
of K-theory groups is exact in the middle.
Proposition 7.14. Under the assumptions of Proposition 7.11, the class
rps P K0pC˚r pGqq of the Kazhdan projection goes to zero in K0pC˚r pG|F qq, but
is not in the image of the map K0pC˚r pG|Uqq Ñ K0pC˚r pGqq. In particular, G
fails to be inner K-exact.
Proof. We have seen that p itself goes to zero in C˚pG|F q, so it suffices to
show that rps is not in the image of the map K˚pC˚r pG|Uqq Ñ K˚pC˚r pGqq.
Assume for contradiction that it was, so there exists some projection q P
Mnp ČC˚r pG|Uqq and k ď n such that rps “ r1ks ´ rqs in K0pC˚r pGqq (here r¨
denotes unitisation, and 1k denotes the idempotent in MnpCq with k ones
down the main diagonal, followed by n´ k zeros), and such that q “ 1k ` a
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for some self-adjoint a P MnpC˚r pG|Uqq. Let b P MnpCcpGUqq be self-adjoint
and such that }a´ b} ă 1{100.
For each i, let πxi : C
˚
r pGq Ñ Bpℓ2pGxqq denote the regular representation,
where pxiq is the net in the assumptions. Then for each i, the class rπxippqs P
K0pBpℓ2pGxqqq – Z corresponds to the generator 1, as πxippq is a rank one
projection by Proposition 7.9. On the other hand, if χp1{2,8q denotes the
characteristic function of this interval, then the fact that }q´p1k`bq} ă 1{100
implies that χp1{2,8q is continuous on the spectrum of πxip1k`bq and moreover
that
1 “ rπxippqs “ rπxip1kqs ´ rχp1{2,8qpπxip1k ` bqs
“ r1ks ´ rχp1{2,8qpπxip1kq ` πxipbqqs.
As b is compactly supported, the assumption that the orbits Gxi eventually
do not intersect any compact subset of U implies that πxipbq is zero for all
suitably large i. Thus the above displayed line implies that for all suitably
large i, 1 “ 0 in Z, giving the desired contradiction.
Combined with the already-noted observation of Higson, Lafforgue, and
Skandalis about K-exactness (compare [11, Section 1]), the following corol-
lary is immediate.
Corollary 7.15. Under the assumptions of Proposition 7.11, the Baum-
Connes conjecture (with trivial coefficients) must fail for at least one of the
groupoids G|U , G, or G|F .
Another interesting connection to the Baum-Connes conjecture is given
by the following result, saying that the class of the Kazhdan projection cannot
be in the image of the maximal Baum-Connes assembly map in some cases.
This is a version of a result in the group case [10, Section 5].
Lemma 7.16. Let G be a groupoid such that the Kazhdan projection p exists
in C˚maxpGq, and such that no source fibre is finite. Assume moreover that
the class rps P K0pC˚maxpGqq is non-zero, and that G satisfies the Baum-
Connes conjecture. Then rps is not in the image of the maximal Baum-
Connes assembly map.
Proof. We have a commutative diagram
K
top
˚ pGq µm //
µr
''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
K˚pC˚maxpGqq
λ˚

K˚pC˚r pGqq
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where the maps labeled µm and µr are respectively the maximal and re-
duced Baum-Connes assembly maps, and the map labeled λ˚ is the map
on K-theory induced by the canonical quotient λ : C˚maxpGq Ñ C˚r pGq.
We are assuming that µr is an isomorphism, and Proposition 7.9 plus the
assumption that no source fibre in G is finite implies that the image of
rps P K0pC˚maxpGqq under λ˚ is zero. The result follows as we are assum-
ing that rps P K0pC˚maxpGqq is non-zero.
It would be interesting if one could show (maybe under some natural
conditions) that rps P K0pC˚maxpGqq cannot be in the image of the maximal
assembly map for G, without assuming that G satisfies the usual Baum-
Connes conjecture; this is known for discrete groups [10, Section 5].
It would be also be interesting to have a good characterisation of when
rps ‰ 0 in K˚pC˚maxpGqq; this is automatic in the group case, but we do not
have a good general condition. We do at least have the following observa-
tion; this is already implicit in the proof of Proposition 7.14, but it seemed
potentially useful to make it explicit.
Lemma 7.17. Say G is an e´tale groupoid, and assume the Kazhdan projec-
tion is not zero in C˚
red
pGq. Then rps ‰ 0 in K0pC˚redpGqq.
Proof. Proposition 7.9 implies that there is some x P Gp0q with Gx finite, and
Lemma 7.8 implies that πxppq ‰ 0. As Bpℓ2pGxqq is finite dimensional, all
non-trivial projections in this algebra have non-zero K0 class. Hence the map
pπxq˚ : K0pC˚redpGqq Ñ K0pBpℓ2pGxqq sends rps P K0pC˚redpGqq to something
non-zero, and so rps itself is non-zero.
8 Questions
We conclude the paper by summarizing some open problems that we think
are interesting. Some of these we thought about and could not make progress
with; others we did not attempt to address here mainly to keep the paper to
a reasonable length (and would be more than happy for someone else to take
up).
(i) Does property (T) for a groupoid G imply some sort of fixed point
property for affine actions on bundles of Hilbert spaces over Gp0q, anal-
ogous to the classical Delorme-Guichardet theorem for groups (see [5,
Chapter 2])?
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(ii) What (if any) is the precise relationship between our property (T), and
the Dong-Ruan property (T) from Definition 5.4 above?
(iii) (Suggested by Jesse Peterson) Is there any connection between our
property (T) and Bekka’s definition [4] of property (T) for (pairs of)
C˚-algebras?
(iv) Is property (T) Morita invariant?
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